A Note on Semi-Developable Spaces
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A space X is developable if there is a sequence 4= {gn|n & N} of open covers of X
such that {St(x, g»)|n € N} is a local base at x, for each x € X. Recently Charles C.
Alexander [1] introduced a semi-developable space as a generalization of the developable:

space and showed some properties of the space.

The principal results of this paper are as follows. The union X of open semi-developable
subspaces is semi-developable if X is F,-screenable. A Lindelof spaceﬂwith a semi-develop-
ment is hereditarily Lindelof. In a point-finite semi-developable space, the Lindelof pro-
perty is equivalent to separability.

The notation and terminology used in this paper are to follow those of J. C. kelley [4]

mainly. N is the set of positive integers.

DEFINITION 1. [1] A semi-development for a space X is a sequence {gz|n € N} of
(not necessarily open) covers of X such that {St(x, g») |72 € N} is a neighborhood base at x,
foreach x € X.

A space is semi-developable space if and only if there exists a semi-development for the

space.
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THEOREM 2. A Lindelof space with a semi-development is hereditarily Lindelof.

PROOF. Let X be a Lindelof semi-developable space. A semi-developable space is
hereditary (p. 278 in [1]). Since a Lindelof space is hereditarily Lindelof if and only if each
-open subspace is Lindelof (P. 144 in [2]). Let U be an open setin X and A= {gz|n & N}

be a semi-development for X. If we take U,=[St(U’, gz)]’, then U= ) Up.

n=1
For, let y& GIU,,, there is an integer m such that y € Uy, (i.e.,» € [St (U, gm)]’). Sup-
n=

pose that y ¢ U, then we have St (9, gn) C St (U’, gn). Therefore, we obtain St (, gm)
N [St (U, gn)]' =¢. Thus, » & [St(T’, gm)]- This is contradict to y € [S((T’, gm) -

For each y & U, there is an integer m such that St (y, g,,) C U. Therefore we have St
(9, gm) N U’'=¢. For such m, we obtain y & St(U’, gu). Thus,» & [St(U, gm)) =Un.

Since each Un is closed, hence Un is Lindelof. Thus each open subspace is Lindelof.

‘Consequently X is hereditarily Lindelof.
With the aid of Proposition 1.9 of [1] we have the following.
COROLLARY 3. Every Lindelof semi-developable space is hereditarily separable.

A topological space is F,-screenable if every open cover has a ¢ -discrete closed refinement

which covers the pace [3]

THEOREM 4. The union X of open semi-developable subspaces is semi-developable

if X is F,-screenable,

PROOF¥. LetX=|JU,, where U, be an open semi-developable subspaces with a semi-

aES
development A,={gn[a]|n € N}. Since X is F,-screenable, there is a ¢-discrete closed
refinement &= D Zpof {U,|a&/}. For each BE 2y, there is a fixed element a(B) &/

n=1
such that B C U,pB).
Let U,(B)=X— | {B*|B*E Zp, B¥+B}, %, m(B)={Un(B)NG|G € gm[a(B)]} and
Zpsm={U|U E Zp,m(B), BE ZLpn} U {Qn} where Q w=X—J{B|B & Z4}.
‘Then Uy, is a cover of X for each n, m € N and we show that{#%,, ,, ©N} is a semi-
development for X.
If z € X there is an integer n & N with some B & &, such that z & B. Consequently
if O is any open set containing z there is some m & M such that z & Int St (z, gm[a(B)])
< St (z, gn[a(B)] < O NU,m. By construction z is not contained in any element of
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% n, m(B¥) for any B* & £, such that B, +#B.
Since Int St (z, Z 4, )= Int St (z, Zn, m [B])
= Int (U, [B] N St (z, gm [« (B)])
= U, (B) N Int St (z. gu[a (B)]) 3 =
Thus z € Int St (z, Zn, m) C St(z, Zny m) = st (2, Zn, m[B]) C st (2, gm[a(B)]) C O.
For eachk, [ € N, we have z & Int St (z, Ug, ;). If there is some B such that z € B € %5,
then we obtain z € Int St (z, Zg, ;) by the abvoe way. If there is not a B such thatz &
B & &, thenz € Q. Since Q, is an open set, thus we have z & Int St (z, “1,1). Hence
{St (z, 1, 1) | k, | € N} is a neighborhood base at z, for each z € X.

DEFINITION 5. [3] A totological space X is a semi-stratifiable space if, to each open
set U C X, one can assign a sequence {Uy},; of closed subsets of X such that

@ UUp=U
=1

n=
(b) U, V, whenever UC V.
With the aid of Theorem 1.3 of [1] and Corollary 1.4 of [3], we have the following

relationship between semi-developable spaces and semi-stratifiable spaces.

LEMMA 6. A space is semi-developable Ty -space if and only if it is a first countable
semi-stratifiable Ti-space.
A topological space is x;-compact if every uncountable subset has a limit point. By

applying the above Lemma and Theorem 2.8 of [3], we obtain the following theorem:

THEOREM 7. In a semi-developable To-space, the following are equivalent (1) X is
Lindelof, (2) X is hereditarily separable, and (3) X is x;,—compact.
Alexander [1] showed that a separable space with a point-finite semi-development is

hereditarily separable.

COROLLARY 8. In a point -finite semi-developable To-space, the Lindelof property

is equivalent to separability.
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